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ABSTRACT

The application of the extended Kalman filter (EKF) to a batch
cooling crystallization process is presented. The simulation results
point out that the feasibility of the on-line application of this non-
linear state estimation technique to a noisy nonlinear system heav-
ily depends on the accurate measurement of the crystallizer tem-
perature and the dissolved solute concentration. The EKF can
reduce the effect of significant amounts of random noise in the
measurements.
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INTRODUCTION

The implementation of modern control theory requires knowledge of the
state variable values in the system of interest. In many process situations, due to
the lack of complete measurements of the states, state estimation problems are
common.

In 1960, Kalman (1) first developed an optimal, sequential, discrete-time es-
timation technique. A year later, Kalman and Bucy derived maximum likelihood
estimates of measured and unmeasured process states (2). This approach combined
the information from a mathematical model of the process with actual process mea-
surements. Since then, many theoretical and applied extensions of state identifica-
tion have been presented. The extended Kalman filter (EKF), as an approximate
filter for nonlinear systems, was applied by Gavalas and Seinfeld (3) to tubular re-
actors, by Seinfeld (4) to a continuous stirred tank reactor (CSTR) with a first-
order exothermic reaction, by Wells (5) to a 6-dimension nonlinear well-stirred re-
actor, and by Wismer and Wells (6) to the basic oxygen furnace. Coggan and Wil-
son (7) demonstrated the applications of the Kalman sequential estimator to in-
dustrial processes for on-line state estimation. In Hamilton, Seborg, and Fisher (8),
simulation and experimental studies were carried out for the comparison of the
Kalman filter with an exponential filter. In 1986, Jang, Joseph, and Muka (9) com-
pared the EKF approach with the horizon approach to the on-line parameter and
state estimation of the nonlinear systems of Seinfeld (4). Simultaneous state and
parameter identification was successfully presented by Stephanopoulos and San
(10) and San and Stephanopoulos (11) in a biochemical reactor. Ramirez (12)
showed the advantages of coupling a sequential parameter identification algorithm
with the Kalman filter state identification algorithm in a batch fermentation pro-
cess. The EKF as a state estimator was employed by Dimitratos et al. (13) for an
emulsion copolymerization reactor and by Kozub and Macgregor (14) for semi-
batch polymerization reactors. Myers and Luecke (15) described an efficient new
algorithm of the EKF. This new algorithm exploited the decoupled nature of the
state estimate and error covariance equations along with the symmetry of the error
covariance matrix. Lee and Ricker (16) illustrated the EKF-based nonlinear-model
predictive control technique using successive linearization. Recently, Ahn, Park,
and Rhee (17) successfully applied the EKF-based nonlinear-model predictive
control for a continuous methyl methacrylate (MMA) polymerization reactor.
Jazwinski (18) and Gelb (19) present 2 good books that discuss the theory of fil-
tering and the applications of optimal estimation in detail.

The objective of this study was to find a useful way to overcome the major
obstacles of the lack of direct on-line measurements in the batch cooling crystal-
lization process and make the implementation of the advanced-model based con-
trol strategies possible.

In this study, the standard algorithm of the EKF is presented. The possibil-
ity of EKF application as a nonlinear estimator of the batch cooling crystallization
process is discussed. We found that crystallizer temperature and dissolved solute
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concentration are critical measurements that determine the feasibility of EKF ap-
plication to a batch cooling crystallizer.

ALGORITHM OF THE EKF

The EKF is a recursive state estimator providing minimum-variance state
estimation. To develop the EKF, one should formulate a dynamic model of the
system as a set of ordinary differential equations with the observation equations:

x· � ƒ (x,t) � w
(1)

Zk � h(xk) � vk

where, x is the state variable; Zk is the measured output; w is the process error; and
vk describes the measurement error. Both are uncorrelated zero-mean Gaussian
noise processes with covariance matrix Q and Rk, respectively. Because the pro-
cess is continuous and the system outputs are discrete, as measured at sampling
times, the model is defined in the continuous-discrete form.

The EKF is comprised of 2 recursive update stages: the model-based update
stage and the measurement-based update stage.

Model-Based Update Stage

Based on the model, the estimates of the new states are updated over the
time interval from k � 1 to k in the absence of new measurements. In this stage,
the predictions of x̂k(–) and P(�), used in the measurement-based update stage, are
calculated.

x
.
(t) � ƒ(x̂,t)

(2)
x̂(0) � x0

Ṗ(t) � F(x̂,t) P(t) � P(t) F T (x̂,t) � Q(t)
(3)

P(0) � P0

where, Ṗ is the derivative of the state error covariance matrix; x0 is the initial state
with the error covariance P0; F is the Jacobian matrix of ƒ defined by

F(x̂,t) � ��
�
�
ƒ
x��x�x̂

(4)

Measurement-Based Update Stage

Once the new measurements become available, corrections to the estima-
tions x̂k(–) and Pi(�) are made by minimizing the estimation error. These cor-
rected estimations are represented by x̂k(�) and Pi(�), respectively.

KALMAN FILTER APPLICATION 3051
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x̂k(�) � x̂(�) � Kk {Zk � h [x̂(�)]} (5)

Pk(�) � {I � KkHk [x̂k (�)]} Pk(�) (6)

where, Hk is the Jacobian matrix of h

Hk [x̂k(�)] � ��
�
�
h
x
��x�x̂ (�)

(7)

and Kk is the Kalman gain matrix

Kk � Pk(�) Hk
T [x̂k(�)]{Hk [x̂k(�)] Pk(�) Hk

T [x̂k(�)] � Rk}�1 (8)

At each integration step, solution of the EKF equations starts with integra-
tion of the model-based state estimate (Eq. 2) and the model-based state-error co-
variance (Eq. 4) through the use of the fourth-order Runge-Kutta method. Based
on the new available measurements, corrections of the new predictions are then
calculated through Eqs. (5) and (6).

SIMULATION STUDIES AND DISCUSSION

The EKF was used as an on-line nonlinear estimator to both provide esti-
mates for the unmeasured states and to reduce the effect of measurement noise in
the batch cooling crystallization process. The development of the dynamic model
for the batch cooling crystallizer model is discussed in detail by Xie, Rohani, and
Phoenix (20). The state space form of the model is given by

ẋ � ƒ(x) (9)

where

xT � [x1 ��� x8] � [Tc Tj C mN,0 mN,1 mN,2 mN,3 Ls]

ƒ(x) � �






�UA(x1 � x2) � 3W�H�ckvG(Nsx2

8 � x6)

Wcpw (1 � x3) � W�ckvcpc (Nsx3
8 � x7)

�
F
V

w

j
� (Tj,in � x2) � �

�w

U
Vj

A
cpw
� (x1 � x2)

�3�ckvG(Nsx2
8 � x6)

B
x4G
2x5G
3x6G
G














ƒ1(x)
ƒ2(x)
ƒ3(x)
ƒ4(x)
ƒ5(x)
ƒ6(x)
ƒ7(x)
ƒ8(x)
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where the subscript T represents the transpose of a matrix; Tc is the crystallizer
temperature; Tj is the inside cooling jacket temperature; Tj,in is the inlet cooling
jacket temperature; C is the dissolved solute concentration; mN,0, mN,1, mN,2, and
mN,3 are the first 4 leading moments of the newly generated crystals; Ls is the size
of the seed crystals; and B and G are the nucleation and growth kinetics of the
crystallization as deduced by Tavare and Garside (21). Table 1 gives the physical
and kinetic parameters of the potash-alum-water system used in the simulation
study.

The normalized model of the batch cooling crystallizer is derived by substi-
tuting the normalized state variables into the original model of Eq. (9).

Z1 � Tc / Tc,max Z2 � Tj / Tj,max Z3 �C / Cmax

Z4 � m0,N / m0,N,max Z5 � m1,N / m1,N,max

Z6 � m2,N / m2,N,max Z7 � m3,N / m3,N,max Z8 � Ls / Ls,max 	 � t/tf

The resulting equation is

Ż � ƒ(Z) (10)

where

ƒ1 � 
 �
Tc

t

,

ƒ

max
�

ƒ2 � ��
F
V

w

j
� (Tj,in � Tj,max Z2) � �

�w

U
Vj

A
cpw
� (Tc,max Z1 � Tj,max Z2)� 
 �

Tj,

t

m

ƒ

ax
�

ƒ3 � {�3�ckvG [Ns(Ls,max Z8)2 � m2,N,max Z6]} 
 �
C

t

m

ƒ

ax
�

�UA(Tc,max Z1 � Tj,max Z2) � 3W�H�ckvG

 [Ns (Ls,max Z8)2 � m2,N,max Z6]

�����
Wcpw (1 � CmaxZ3) � W�ckvcpc


 [Ns (Ls,max Z8)3 � m3,N,max Z7]

Table 1. The Operating Conditions and the Physical Properties of the Potash-Alum-
Water System.

Initial Saturation Temperature 45°C � c 1760 kg/m3 crystal
Initial temperature 40°C kv 1
Stirrer speed 13.2 rps U�A 800 J/°C�s
Ws 10 g � H 44.5 kJ/kg crystal(23)
� Ls 10 �m cp,c 0.84 kJ/°C�kg crystal
Ls0 150 �m cp,s 3.8 kJ/°C�kg solution
Crystallizer volume 27 L Batch time 4600 seconds
G(t) � kgR2.76� C 0.765 m/s, where �C � C � C*, kg � 1.25 
 10�9

B(t) � kbMTG1.88 no./ kg solvent�s; kb � 5.0 
 1018

C* � a0 � a1[Tc (t) � 273.15] � a2 [Tc (t) � 273.15]2 kg solute/ kg solvent (24); a0

� 6.063 
 10�2, a1 � 9.584 
 10�4, a2 � 5.85 
 10�5.
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ƒ4 � B 
 �
m0,N

tƒ
,max
�

ƒ5 � m0,N,max Z4G 
 �
m1,N

tƒ
,max
�

ƒ6 � 2m1,N,max Z5G 
 �
m2,N

tƒ
,max
�

ƒ7 � 3m2,N,max Z5G 
 �
m3,N

tƒ
,max
�

ƒ8 � G 
 �
Ls

t

,m

ƒ

ax
�

And the measured output is defined by

yk � hk (Z) � vk � � vk (11)

The Jacobian matrix of F and H may be obtained by computing the partial
derivatives with respect to each normalized state variables (see the Appendix).

F(t, Ẑ(t)) � 

Z�Ẑ (t)

(12)

H(t,Ẑ(t)) �

Z�Ẑ (t)

(13)

In the following section, we discuss the strategy of selecting measured vari-
ables and their influence on the performance of the EKF in a potash-alum batch
cooling crystallizer. All measurements used are assumed to be sampled at an in-
terval of 1 second and to be corrupted with Gaussian noise with a zero mean. Xie
et al. (20) considered the performance of the EKF in the presence of mismatch (nu-
cleation and growth kinetics constants) between the process model and the plant.

First, crystallizer temperature is chosen as the only measured variable be-
cause it can be measured conventionally and on-line. Based on the measurement
of crystallizer temperature, other important state variables are estimated by the
EKF.

Figures 1–7 show the tracking of each estimated state. Figure 1 shows that
the EKF gives a very good prediction for the inside cooling-jacket temperature.
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Figure 1. Inside cooling-jacket temperature and its estimation based on the measurement
of crystallizer temperature.

Figure 2. Dissolved solute concentration and its estimation based on the measurement of
crystallizer temperature.
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Figure 3. Zero moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature.

Figure 4. First moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature.
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Figure 5. Second moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature.

Figure 6. Third moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature.
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The results are derived from the direct relationship between crystallizer tempera-
ture (the measurement) and inside cooling-jacket temperature (see ƒ2 in Eq. 9).
Figure 2 demonstrates that the estimation of dissolved solute concentration can
follow its actual value without offset at the end of the batch time. In batch cooling
crystallization, supersaturation is represented by the difference between dissolved
solute concentration and equilibrium concentration. Supersaturation is generated
by reducing the solubility of the dissolved solute with a decrease of crystallizer
temperature. The solubility equation [C*(Tc)] in Table 1 gives a one-to-one rela-
tionship between crystallizer temperature and equilibrium concentration. So, an
indirect but strong relationship exists between dissolved solute concentration and
crystallizer temperature, which results in good convergence. The other states, such
as the first 4 leading moments of the newly generated crystals and size of the seed
crystals, have weak relationships with the crystallizer temperature. Moreover, the
implementation of the EKF requires the linearization (by first-order Taylor series
expansion) of the model at current estimated states, which eliminates some im-
portant information. Therefore, the predictions of these states are not very good.
Figures 3–7 show that the predictions contain oscillations at the beginning and
offset at the end.

Figure 7. Size of the seed crystals and its estimation based on the measurement of crys-
tallizer temperature.
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New measurements should be introduced to the EKF to improve the accu-
racy of the predictions. One possible way to add new measurements is to set an-
other thermocouple to measure inside cooling-jacket temperature. However, be-
cause the inside cooling-jacket temperature is only directly related to crystallizer
temperature and the crystallizer temperature is already 1 of our measurements,
this approach cannot improve the estimations of the state variables other than
crystallizer temperature. The dissolved solute concentration is another variable
that can be easily measured by an on-line density meter (22) or a refractive index
sensor. Figures 8–11 demonstrate that introducing dissolved solute concentration
as 1 measured variable improves significantly the performance of the EKF for the
estimations of the first 4 leading moments of the newly generated crystals. After
the initial period of oscillation, when the relative error in measurements is large,
the true and estimated states are indistinguishable. First, measuring the dissolved
solute concentration guarantees good prediction for itself through EKF by means
of compensating for the measurement noise and uncertainty in the process. Sec-
ond, better prediction of the third moment is based on good prediction of dissolved

Figure 8. Zero moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature, inside cooling jacket temperature and dissolved
solute concentration.
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Figure 9. First moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature, inside cooling jacket temperature, and dissolved
solute concentration.

Figure 10. Second moment of the newly generated crystals and its estimation based on
the measurement of crystallizer temperature, inside cooling jacket temperature, and dis-
solved solute concentration.
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solute concentration (see ƒ3 in Eq. 9). Third, good estimation of the third moment
guarantees the accurate prediction of other moments possible by the intrinsic link
between moments.

In both systems discussed above, the effect on predictions of an addition of
10% Gaussian noise to the measurements, due to the good filtering capability of
the EKF, was reduced significantly.

CONCLUSIONS

In this study, the EKF as a nonlinear estimator for a batch cooling crystal-
lization system was investigated. The feasibility of application of the EKF in the
batch cooling crystallization process heavily relied on the accurate on-line mea-
surement of crystallizer temperature and dissolved solute concentration. Slow
convergence from poor initial state estimates was found, which mainly resulted
from the recursive nature of the algorithm. The EKF could compensate for the in-
fluence of the Gaussian noise in the measurement. Good prediction of the unmea-

Figure 11. Third moment of the newly generated crystals and its estimation based on the
measurement of crystallizer temperature, inside cooling jacket temperature, and dissolved
solute concentration.
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sured variables provided by the EKF could facilitate the implementation of mod-
ern control theory in noisy nonlinear systems such as a batch cooling crystalliza-
tion process.

APPENDIX: THE JACOBIAN MATRIX

F(t, Ẑ(t)) �

Z�Ẑ (t)

where
� ƒ1 /� Z1 � {�UA 
Tc,max � 2.295W� H�ckvkg R2.67[Ns(Ls,maxZ8)2

� m2,N,maxZ6] 
 {� [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] � [a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2] 


 [�a1Tc,max � 2a2(Tc,maxZ1 � 273.15)Tc,max] / {[1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] 2}} /
{{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]} / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]0.235}} tƒ / {{Wcpw(1 � Z3Cmax) 
� W�ckvcpc[Ns(Ls,maxZ8)3 � m3,N,maxZ7])}Tc,max};

� ƒ1 /� Z2 � UA 
Tj,maxtf / {{Wcpw(1 � Z3Cmax) � W�ckvcpc[Ns(Ls,maxZ8)3

� m3,N,maxZ7]}Tc,max}
� ƒ1 /� Z3 � � 2.295W� H�ckvkg R2.67[Ns(Ls,maxZ8)2 � m2,N,maxZ6]Cmaxtf

/{ {Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]}0.235{Wcpw(1 � Z3Cmax) 
� W�ckvcpc[Ns(Ls,maxZ8)3 � m3,N,maxZ7]}Tc,max � {� UA

 (Tc,maxZ1 � Tj,maxZ2) � 3W� H�ckvkg R2.67{Z3Cmax �
[a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 
� a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] /
[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 �
273.15)2]}0.765 
 [Ns(Ls,maxZ8)2 � m2,N,maxZ6]}tf 

WcpwCmax /{{Wcpw(1 � Z3Cmax) � W�ckvcpc[Ns(Ls,maxZ8)3

� m3,N,maxZ7]}2Tc,max};
� ƒ1 /� Z4 � 0; �ƒ1 /� Z5 � 0;
� ƒ1 /� Z6 � �3 W� H�ckvkg R2.67{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15)

� a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15)
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� a2(Tc,maxZ1 � 273.15)2]}0.765 m2,N,max tf / {Wcpw(1 
� Z3Cmax) � W�ckvcpc[Ns(Ls,maxZ8)3 � m3,N,maxZ7)]2Tc,max};

� ƒ1 /� Z7 � �{� UA 
(Tc,maxZ1 � Tj,maxZ2) �3W� H�ckvkg

R2.67(Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]/[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.765 [Ns(Ls,maxZ8)2 � m2,N,maxZ6)]tf

 W�ckvcpcm3,N,max / {{Wcpw(1 � Z3Cmax) 
� W�ckvcpc[Ns(Ls,maxZ8)3 � m3,N,maxZ7]}2Tc,max};

� ƒ1 /� Z8 � �6W� H�ckvkg R2.67{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2]}0.765 NsLs,max

2Z8tf / {{Wcpw(1 
� Z3Cmax) � W�ckvcpc[Ns(Ls,maxZ8)3 � m3,N,maxZ7]}2Tc,max}
� 3[ � UA 
 (Tc,maxZ1 � Tj,maxZ2) � 3W� H�ckvkg

R2.67{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.765 [Ns(Ls,maxZ8)2 � m2,N,maxZ6)]tf 

W�ckvcpcNsLs,max

3Z8
2 / {{Wcpw(1 � Z3Cmax) � W�ckvcpc


 [Ns(Ls,maxZ8)3 � m3,N,maxZ7]}2Tc,max}
� ƒ2 /� Z1 � UA 
 Tc,max tf / (�cVjcpwTj,max);
� ƒ2 /� Z2 � �Tj,maxFw / Vj � UA 
tf / (� Vjcpw);
� ƒ2 /� Z3 � 0; �ƒ2 /� Z4 � 0; �ƒ2 /� Z5 � 0; �ƒ2 /� Z6 � 0; �ƒ2 /� Z7 � 0;

�ƒ2 /� Z8 � 0
� ƒ3 /� Z1 � �2.295�ckvkgR2.67[Ns(Ls,maxZ8)2 � m2,N,maxZ6]tf 


{�[a1Tc,max � 2a2(Tc,maxZ1 �273.15)Tc,max] / [1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] � [a0

� a1(Tc,maxZ1 �273.15) � a2(Tc,maxZ1 � 273.15)2] 

 [�a1Tc,max � 2a2(Tc,maxZ1 � 273.15)Tc,max] / {[1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2]2}} /
{{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.235Cmax}
� ƒ3 /� Z2 � 0;
� ƒ3 /� Z3 � �2.295�ckvkgR2.67[Ns(Ls,maxZ8)2�m2,N,maxZ6]tf / {{Z3Cmax

� [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] /
[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.235}
� ƒ3 /� Z4 � 0; �ƒ3 /� Z5 � 0;
� ƒ3 /� Z6 � �3�ckvkgR2.67{Z3Cmax � [a0 � a1(Tc,maxZ1�273.15) 

� a2(Tc,maxZ1 � 273.15)2 ] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.765m2,N,max tf / Cmax

� ƒ3 /� Z7 � 0;
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� ƒ3 /� Z8 � �6�ckvkgR2.67{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2 ] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.765NsLs,max
2Z8 
 tf /

Cmax

� ƒ4 /� Z1 � 1.43820kb�ckv[Ns(Ls,maxZ8)3 � m3,N,maxZ7]{kgR2.67{Z3Cmax

[a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1
� a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.765}0.88tf kbR2.67{� [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] � [a0 � a1(Tc,maxZ1 � 273.15) 
� � a2(Tc,maxZ1 � 273.15)2]{� [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / {[1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]2}} / {m0,N,max{Z3Cmax � [a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235}
� ƒ4 /� Z2 � 0;
� ƒ4 /� Z3 � 1.43820kb�ckv[Ns(Ls,maxZ8)3 � m3,N,maxZ7]{kgR2.67{Z3Cmax

[a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1
� a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.765}0.88tf kgR2.67Cmax / {m0,N,max{Z3Cmax � [a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235}
� ƒ4 /� Z4 � 0; �ƒ4 /� Z5 � 0; �ƒ4 /� Z6 � 0;
� ƒ4 /� Z7 � kb�ckv m3,N,max{kgR2.67{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]/ [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.765}1.88tf / m0,N,max

� ƒ4 /� Z8 � 3 kb�ckvNsLs,max
3Z8

2(kgR2.67{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]/ [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.765}1.88tf / m0,N,max

� ƒ5 /� Z1 � 0.765m0,N,maxZ4kgR2.67tf{� [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] � [a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]*[� a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] / {{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.765}0.235m1,N,max}
� ƒ5 /� Z2 � 0;
� ƒ5 /� Z3 � 0.765 m0,N,maxZ4 kgR2.67tf Cmax / {{Z3Cmax � [a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / 
[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.235m1,N,max}
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� ƒ5 /� Z4 � m0,N,max kgR2.67 {Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2]}0.765 tf / m1,N,max

� ƒ5 /� Z5 � 0; �ƒ5 /� Z6 � 0; �ƒ5 /� Z7 � 0; �ƒ5 /� Z8 � 0;
� ƒ6 /� Z1 � 1.530 m1,N,maxZ5 kgR2.67tf {� [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] � [a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2][� a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / {[1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]2}} / {{Z3Cmax � [a0 �
a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235

m2,N,max};
� ƒ6 /� Z2 � 0;
� ƒ6 /� Z3 � 1.530 m1,N,maxZ5 kgR2.67tf Cmax /{{Z3Cmax � [a0

� a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2] / 
[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.235 m2,N,max};
� ƒ6 /� Z4 � 0;
� ƒ6 /� Z5 � 2 m1,N,maxkgR2.67 {Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) 

� a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2]}0.765tf / m2,N,max;

� ƒ6 /� Z6 � 0; �ƒ6 /� Z7 � 0; �ƒ6 /� Z8 � 0;
� ƒ7 /� Z1 � 2.295m2,N,maxZ6 kgR267tf { � [a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / [1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]� [a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2] [� a1Tc,max � 2a2(Tc,maxZ1

� 273.15)Tc,max] / {[1 � a0 � a1(Tc,maxZ1 � 273.15) 
� a2(Tc,maxZ1 � 273.15)2]2 / {{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235 m3,N,max};
� ƒ7 /� Z2 � 0;
� ƒ7 /� Z3 � 2.295m2,N,maxZ6 kgR267tf Cmax / {{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235 m3,N,max};
� ƒ7 /� Z4 � 0; �ƒ7 /� Z5 � 0;
� ƒ7 /� Z6 � 3 m2,N,max kgR267{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) 

� a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15)
� a2(Tc,maxZ1 � 273.15)2]0.765tf / m3,N,max};

� ƒ7 /� Z7 � 0; �ƒ7 /� Z8 � 0;
� ƒ8 /� Z1 � 0.765kgR2.76 tf {� [a1Tc,max � 2a2(Tc,maxZ1 � 273.15)Tc,max]

[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1
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� 273.15)2]}� [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2] [� a1Tc,max � 2a2(Tc,maxZ1 � 273.15)Tc,max] /
{[1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1 � 273.15)2]2}/
{{Z3Cmax � [a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2] / [1 � a0 � a1(Tc,maxZ1 � 273.15) � a2(Tc,maxZ1

� 273.15)2]}0.235 Ls,max};
� ƒ8 /� Z2 � 0;
� ƒ8 /� Z3 � 0.765kgR2.76 tf Cmax / {{Z3Cmax � [a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2] / [1 � a0 � a1(Tc,maxZ1

� 273.15) � a2(Tc,maxZ1 � 273.15)2]}0.235 Ls,max}
� ƒ8 /� Z4 � 0; �ƒ8 /� Z5 � 0; �ƒ8 /� Z6 � 0; �ƒ8 /� Z7 � 0; �ƒ8 /� Z8 � 0.

NOMENCLATURE

A heat transfer area (m2)
a0,a1,a2 constants
B nucleation rate (no. / kg solvent�s)
C solute concentration (kg solute / kg solvent)
C* saturation solute concentration (kg solute / kg solvent)
cp specific heat (kJ/ oC�kg crystal)
� C supersaturation (kg solute / kg solvent)
F Jacobian matrix of ƒ(x); volumetric flow rate of cooling medium

(m3/s)
ƒ(x) nonlinear functions
G growth rate (m/s)
H Jacobian matrix of h(x)
h(x) linear functions
� H heat of crystals (J/kg crystal)
I Identity matrix
K Kalman gain matrix
kb nucleation rate coefficient, [(no./kg solute�s)(s/m)1.88]
kc proportional gain
kg growth rate coefficient, [(m/s)(kg solvent/kg solute)0.765(s/rev)2.76]
kv volumetric shape factor of crystals
L crystal size (m)
MT magma density (kg solute / kg solvent)
mj jth moment of crystal size distribution ( j � 1,2,3,. . .)
Ns number of seed crystals per unit weight of solvent (no. / kg solvent)
P state error covariance matrix
Q covariance matrix of process error
R covariance matrix of measurement error; stirrer rotational speed

(rev/s)
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T temperature (K)
Tj inside mean cooling jacket temperature (K)
Tj,in inlet cooling jacket temperature (K)
t time (seconds)
tf batch time (seconds)
U overall heat transfer coefficient, W / K (m2)
V volume (m3)
v measurement error
W solvent capacity of the crystallizer, kg
Ws initial weight of the seed crystals, kg
w process noise
x state vector
Z measurements; dimensionless state vector

Greek Symbols

� difference
	 dimensionless time
� density, kg/m3

� difference

Subscripts

c crystal; crystallizer
j jth moment, cooling jacket
k sampling instant
max maximum value
N newly generated crystals
s seed crystals; solution
T Total number
w cooling water
0 initial condition

Superscripts

T transpose of a vector
* saturation condition
^ estimate
• time derivative
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